
EUROGRAPHICS2005/ M. Alexa andJ.Marks
(GuestEditors)

Volume24 (2005), Number3

Cubical Mar ching Squares:AdaptiveFeaturePreserving
SurfaceExtraction fr om VolumeData

Chien-ChangHoy Fu-CheWuy Bing-Yu Chenz Yung-Yu Chuangx Ming Ouhyoungx

NationalTaiwanUniversity

Abstract

In this paper, wepresenta new methodfor surfaceextractionfromvolumedatawhich preservessharpfeatures,
maintainsconsistenttopology and generatessurfaceadaptivelywithout crack patching. Our approach is based
on themarchingcubesalgorithm,a popularmethodto convert volumetricdatato polygonalmeshes.Theoriginal
marching cubesalgorithm suffers fromproblemsof topological inconsistency, cracks in adaptiveresolutionand
inability to preservesharpfeatures.Mostof marchingcubesvariantsonly focusononeor someof theseproblems.
Althoughthesetechniquescouldbe combinedto solvetheseproblemsaltogether, such a combinationmightnot
bestraightforward.Moreover, somefeature-preservingvariantsintroduceanadditionalproblem,inter-cell depen-
dency. Our methodprovidesa relativelysimpleandeasy-to-implementsolutionto all theseproblemsbyconverting
3D marchingcubesinto 2D cubicalmarchingsquares,resolvingtopologyambiguitywith sharpfeaturesandelim-
inating inter-cell dependencyby samplingfacesharpfeatures.We compare our algorithm with other marching
cubesvariantsanddemonstrateits effectivenessonvariousapplications.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputerGraphics]:ComputationGeometry
andObjectModeling:Curve,surface,solidandobjectrepresentations

1. Intr oduction

Volumetric andpolygonalrepresentationsarearguably the
two most popularrepresentationsfor geometricobjectsin
computergraphics.Polygonalrepresentationallowsef�cient
renderingon moderngraphicshardware, but it is not an
effective representationfor time-varying applicationsand
for performinggeometricmanipulations,suchasConstruc-
tive Solid Geometry(CSG) modeling or booleanopera-
tions [BKZ01]. On the contrary, suchgeometricoperations
would be easierwith volumetric representation,although
renderingvolumetric data is less ef�cient than polygonal
meshesonmoderngraphicsarchitecture.

To displaythevolumetricdataef�ciently , thewell-known
marchingcubesalgorithm[LC87] andits variantsprovide a
convenientandef�cient way to convert thevolumetricdata
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into polygonal meshes.Thesemethodsallow us to accu-
rately representgeometricobjectsas volumetric data,ma-
nipulatethem volumetrically, and ef�ciently display them
by converting on the �y thevolumetricdatainto polygonal
meshes.However, althoughtheoriginal marchingcubesal-
gorithmis generallyeffective,it hasproblemswith topologi-
cal inconsistency, cracksin adaptive resolutionandinability
to preserve sharpfeatures.

The �rst problemwith theoriginal marchingcubesalgo-
rithm is topologicalinconsistency becauseof topologyambi-
guities.Suchambiguitiesarisewhentherearemorethanone
feasibleassignmentsfor acasein thelookuptableof march-
ing cubes.In thesecases,the triangulationhas to choose
which pairsof intersectionsto connector to decidewhether
twocomponentsareseparatedor joined.An inconsistentam-
biguity resolutionstrategy couldleadto holes.

The secondproblem is cracks in adaptive resolution.
Adaptive methodsapplymarchingcubesto anadaptive grid
to reducethe numberof resultingtriangles.However, they
can result in cracksat the interfacesof grid cells at dif-
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ferent resolutions.Such a problem is often overcomeby
crack patching. While crack patching is effective, it of-
ten stretchesthe high-resolutionedgesto matchwith low-
resolutionedgesandhencedoesnot take full advantageof
the�ner -resolutiondata.

The third problemis the inability to preserve sharpfea-
tures.The original marchingcubesalgorithmassumesthat
theunderlyingsurfaceis smoothanddoesnotpreservesharp
edgesandcorners.Hence,a�at surfacemightbecomewavy.
The main ideafor solving this problemis to �nd the exact
intersectionof the zero-crossingpoints' tangentplanes.To
de�ne thetangentplanes,in additionto ascalar�eld, sharp-
feature-preservingalgorithmsrequireexact information of
normalsfor zero-crossingpoints.

Finally, while sharp-feature-preservingalgorithms im-
prove the accuracy of extractedsurface,someof them,un-
fortunately, introduceanotherproblemof inter-cell depen-
dency, i.e., the extractedsurfaceof a cell might dependon
theresultsof itsneighboringcells.Theinter-cell dependency
makes the computationslower and more complex. Hence,
eliminatinginter-cell dependency improvestheperformance
and makes it easierto implementsurfaceextraction algo-
rithmson programmablegraphicsprocessingunits(GPUs),
whichhave morecomputingpower thanCPUs.

To sumup,currentmarching-cube-styletechniquescould
still suffer from someproblemsof topologicalinconsistency,
cracksin adaptive resolution,sharpfeaturepreservationand
inter-cell dependency. Suchproblemslimit thespeedandac-
curacy of applicationsusingthesetechniques.Theseprob-
lemsareoftendiscussedandsolvedindividually in previous
literature.Althoughprevioustechniquescouldbecombined
tosolvetheseproblemsaltogether, suchacombinationmight
be complicatedor even impossible.In this paper, we pro-
posea new solution that converts the marchingcubesinto
cubicalmarchingsquares,determinestopology with sharp
featuresandeliminatesinter-cell dependency. We call this
methodcubicalmarchingsquares(CMS)method.By reduc-
ing three-dimensionalproblemsinto two-dimensionalones,
our methodeffectively overcomesall theabove problemsin
a simpleandintuitive manner.

2. RelatedWork

Marchingcubes(MC) algorithmwasproposedby Lorensen
andCline in 1987[LC87]. It analyzesthebinarypatternof
eight verticesof a cubeto constructa surfacethat approx-
imates the underlying surface. Consideringrotationsand
symmetries,they reducetheoriginal 256patternsto a total
of 15 con�gurations.As describedpreviously, althoughthe
marchingcubesalgorithmhasbeenproved effective, it has
severalproblemsandmany variantswerehenceproposedto
addresstheseproblems.

First of all, there have been two types of ambiguities
found in certaincon�gurationswherethereare more than

onewaysto triangulate.The�rst is faceambiguity. It arises
when a facehas two diagonallyoppositeverticesmarked
positive and the other two marked negative. Nielson and
Hamann[NH91] show how this canhappenbetweenneigh-
boringcellsandmayleadto holesandinconsistenttopology.
Another is internal ambiguitywhich occursin the interior
of a cell. Natarajan[Nat94] andChernyaev [Che95] inde-
pendentlyidentify this type of problemand provide solu-
tions.Theseambiguitiescanoftenberesolvedby addingex-
actsamplepointsinsideeachcell. To determinetheseextra
points,many methodsassumethat “the implicit functionof
thevolumetricdatais linearalonganedge;bilinearonaface;
andtrilinear insidea cell.” Underthis trilinear assumption,
several methodsare proposedto resolve ambiguouscases
on the faces[NH91] and inside the cells [LB03, Nie03],
andthusto determinea consistenttopology. More recently,
Lewiner et al. [LLVT03] provide anef�cient andcomplete
implementationof Chernyaev's method.We call theseal-
gorithmstopology-consistentmarchingcubes(TMC) in this
paper.

When applying the marchingcubesalgorithm to a uni-
form grid, the numberof resultingtrianglescould be large
even if the original surface is quite simple.To reducethe
numberof triangles,several methodshave beendeveloped
to apply marching cubesalgorithm to an adaptive grid,
suchasan octree[WG92, SCK95]. Crackpatchingis per-
formed to �ll crackswhere two cells of different resolu-
tions meet[SFYC96]. Heidrich et al. also proposea real-
timeadaptive isosurfacingmethod[HSE99].

Theoriginalmarchingcubesalgorithmdoesnotrepresent
sharpfeatureswell. By usingextra informationof normals,
Kobbelt et al. [KBSS01] proposethe extendedmarching
cubes(EMC) algorithmwhichpreservessharpfeatures.The
EMC methodhasbasicallytwo operations.One is detect-
ing andsamplingthe sharpfeatures;the other is edge�ip-
ping.Themainideais to �nd theexactintersectionpointsby
intersectingthe tangentplanesof the zero-crossingpoints.
Juet al. proposedualcontouring(DC) [JLSW02], a hybrid
methodof EMC [KBSS01] andSurfaceNets[Gib98] algo-
rithms. They useEMC to samplesharpfeaturesand Sur-
faceNetsto connectthe featuresto form thesurfaces.Their
method preserves sharp featuresand prevents holes and
cracksin adaptiveresolution.However, thesemethodsdonot
resolveambiguouscasesandmayhaveholesdueto topolog-
ical errors.Furthermore,thesemethodsintroduceadditional
problemof inter-cell dependency becauseof the edge�ip-
pingoperation.It makesthecomputationmorecomplex and
slower.

Somerecentwork attemptsto extendthe previous algo-
rithms to solve theseproblemsmore completely. For ex-
ample, several papersattempt to enhancethe dual con-
touring to overcomethe problemof inconsistenttopology.
Zhanget al. [ZHK04] proposean enhanceddual contour-
ing methodwhich allows more thanonefeaturepoints in-
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MC TMC EMC DC CMS
adaptive re�nement

p p

topologicalconsistency
p p

sharp-featurepreservation
p p p

inter-cell independence
p p p

Table 1: Thecomparisonof the �ve relatedmethods,orig-
inal marching cubes(MC), topology-consistentmarching
cubes(TMC), extendedmarching cubes(EMC), dual con-
touring (DC) and our method(CMS). Note that previous
methodscouldbecombined,but sometimes,such a combina-
tion mightnotbestraightforward. Hence, wemake thistable
byonly consideringtheoriginal versionof each method.

side a cell to preserve the topology of the cell. Schaefer
and Warren [SW04] provide a primal contouringmethod
of dual grids to representthin featureswithout excessive
subdivision. Varadhanet al. [VKKM03] proposea method
which allows multiple intersectionsalong an edgeto re-
constructthin featureswithout creatingunwantedhandles.
Varadhanet al. [VKSM04] proposea methodto adaptively
subdividecellsuntil thepieceof surfaceinsideacell is topo-
logically equivalent to a disk. However, they usethe origi-
nalmarchingcubesalgorithmanddonotpreservesharpfea-
tures.

Another related work is the method proposed by
Rodehorst and Kimia [RK02]. They apply a higher-
order-polynomial interpolation, called ENO interpola-
tion [SKS97], to severalconsecutivesamplepointsto sample
possiblymorethanonezero-crossingpoints,calledENOan-
chor points,on an edgeof a cell. They prove that thereare
at most two anchorpoints on an edgeand allow an edge
have two zero-crossingpoints.Thesurfaceis reconstructed
by triangulatingtheseanchorpoints. Triangulationis per-
formedstepby step,addingonetriangleat a time, until all
anchorpointsaretriangulated.Whenthereis anambiguity,
i.e., multiple possibletrianglesto choose,they usethenor-
malsof trianglescreatedin neighboringcells to choosethe
onewhichresultsin thesmoothestsurface.Althoughthisap-
proachguaranteesconsistenttopology, it hasthe following
drawbacks:(1) it is highly inter-cell dependent;actually, the
generationof eachtriangledependsonthepreviouslygener-
atedtriangle;(2) it doesnot consider3D sharpfeaturesand
internalambiguity;and (3) becausean edgecould have at
mosttwo zero-crossingpoints,therule becomesmorecom-
plicated.

Table 1 compares our CMS algorithm with other
four methods:original marchingcubes,topology-consistent
marchingcubes,dual contouringand extendedmarching
cubes.Note that thesemethodscould be combined,but
sometimes,such a combinationmight not be straightfor-
ward.Furthermore,inter-cell independency is oftenignored
by sharp-feature-preservingmethodsbasedon EMC.

(a) (b) (c)

(d) (e) (f)

Figure 1: Cubical marching squares.A marching cube(a,
d) can be unfoldedinto six marching squares (b, e). Each
square is processedindependently. Thegeneratedsegments
onthesefacesare putback to 3D to formcomponents(a, d).
Bydoingso,wecanachievethegoalof beingadaptivewith-
outperformingcrack patching. In addition,faceambiguities
canberesolvedin 2D byresolvingtheambiguousfaces(the
middlefacesin (b, e)).Finally, theresultingcomponentsare
triangulatedto generatetheisosurface(c, f).

3. Cubical Mar ching Squares

This sectiondescribesour algorithmfor extractinga trian-
gle meshfrom a given geometricrepresentation.It �rst de-
scribesthe input to the algorithm (Section3.1). Then, it
explainsthe main ideasbehindthe algorithmandgivesan
overview of thealgorithm(Section3.2). The following two
sectionsdescribein moredetailsthe two main stepsof our
algorithm:segmentgeneration(Section3.3) andsurfaceex-
traction(Section3.4).

3.1. Input

Theinput of our algorithmis a geometricrepresentationfor
volumedatasuchasa polygonalmesh,an implicit surface,
a set of point clouds,or a scalardistance�eld. The �rst
step is to convert different typesof geometricrepresenta-
tions into a uniform format.We choosethesameformatas
thedualcontouringalgorithm[JLSW02], a signedgrid with
edgestaggedwith exact intersectionpoints(samplepoints)
andtheir normals(samplenormals).This kind of datawas
calledHermitedataby Juet al. [JLSW02]. As pointedout
by Kobbeltet al. [KBSS01], for mostgeometricrepresen-
tations,Hermite datacan be computeddirectly or derived
implicitly. Sinceour goal is to representthe volume data
as preciselyas possible,the Hermite datais acquiredat a
very �ne resolution,say, a uniform nk � nk � nk grid. Our
algorithmthengeneratesa polygonalapproximationfor the
Hermitedatawithoutreferringto theoriginalgeometricrep-
resentation.
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3.2. Algorithm overview

Given theHermitedatain theprevious section,we attempt
to adaptively reconstructa polygonalmeshwhich approxi-
matestheoriginal volumedataaspreciselyaspossible.Our
algorithmis built onthefollowing ideas:(1) marchingcubes
canbe unfoldedasmarchingsquares;(2) inter-cell depen-
dency canbeeliminatedby addingsharpfeatureson faces;
and(3) samplenormalscanbeusednotonly to samplesharp
featuresbut alsoto solve ambiguitiesandto maintaincon-
sistenttopology.

As shown in Figure 1, a cubecan be unfoldedinto six
faces.For eachface, we generatethe isocurve using the
marchingsquaresalgorithm.Theresultingisocurve for each
faceconsistsof severalsegments.If wefold thesefacesback
to form the original cubeand connecttogethertheseseg-
mentsproperly, we obtainexactly the samecomponentsas
marchingcubesalgorithmdoes.Finally, thesecomponents
aretriangulatedto generatetheisosurface.Thetriangulation
canbechosenarbitrarily aslong asit is consistent.Hence,a
marchingcubetablelookupcanbeconvertedto six march-
ing squaretablelookupsandacomponenttracingoperation.
Hence,we call this methodcubicalmarchingsquares.It is
equivalent to marchingcubesbut generallyslightly slower.
However, asdiscussedlater, it allows usto generatepolygo-
nal meshesadaptively in a simpleandconsistentway with-
out performingcrackpatching.Furthermore,it allows us to
samplesharpfeatureson facesto eliminateinter-cell depen-
dency.

Many sharp-feature-preservingalgorithms use sample
normalsto detectandsamplethe sharpfeaturesfor a com-
ponentof the isosurfaceinsidea cell. Thesemethodsoften
suffer in theresultingsurfacefrom theproblemof topology
error. On theotherhand,previous methodsfor solvingam-
biguitiesandmaintainingtopologyusethetrilinearassump-
tion anddonot take sharpfeaturesinto account.In contrast,
we �nd that the detectionof sharpfeaturescanbe usedto
solve ambiguitiesas well. Hence,we usethe sameproce-
dure to achieve the goalsof preservingsharpfeaturesand
maintainingconsistenttopology.

Our algorithmhasthreestages:constructingan adaptive
signedoctree,generatingsegmentsfor eachleaf face,and,
�nally , extracting surfacesfor eachcell in the signedoc-
tree.The pseudocodein Algorithm 1 describesour algo-
rithm moreprecisely. We start from a very coarseuniform
n0 � n0 � n0 basegrid B, in our implementation,n0 = 8.
For eachcell c in B, theprocedureSUBDIVIDECELL checks
whetherthis cell needsto be further subdivided. A cell is
subdividedif oneof thefollowing conditionsholds:

� It hasan edgeambiguity. Whentherearemorethanone
samplepoints on an edgeof the cell as shown in Fig-
ure2(a), thecell shouldbesubdivided(Figure2(c)). Oth-
erwise, the surface will be generatedincorrectly (Fig-
ure2(b)).

Algorithm 1 Cubical Mar ching Squares.Given Hermite
data, this procedure generates the correspondingtriangle
mesh.

1: procedureCUBICALMARCHINGSQUARES(HermiteDataH)
2: InitializeBaseGrid(B); . initialize acoarsebasegrid B
3: for eachcell c in B
4: SUBDIVIDECELL(H, c);
5: end for
6: for eachleaf facef
7: GENERATESEGMENT( f );
8: end for
9: for eachleaf cell c

10: EXTRACTSURFACE(c);
11: end for
12: endprocedure

(a) (b) (c)

Figure2: Edge ambiguity. In (a), therededge hastwo sam-
ple pointsand there is an edge ambiguity. If the cell is not
further subdivided,such an ambiguitycan lead to a wrong
surface(b). We resolvethisambiguitybysubdivision(c).

� It hasthe tendency to containa complicatedsurface.We
detectthis by a heuristic,checkingwhetherthemaximal
spanningangleof all pairsof samplenormalsinsidethis
cell exceedsa prede�nedanglethreshold.Whenthishap-
pens,it meansthat thesurfaceinsidea cell might not be
�at enoughandshouldbesubdivided.

Whensubdividing acell,wesubdivideits faces�rst. Each
faceis subdivided into four subfacesand the relationships
betweensubcellsand subfacesare recorded.We stop the
subdivision if it exceedsthemaximallevel of subdivision,k.
Hence,the �nest resolutionis nk = 2kn0. The resultof this
subdivision stepis an adaptive signedoctree.A cell in the
octreeis calleda leafcell if it doesnothave subcells.A face
is calleda leaf faceif it doesnot have subfaces.Note that
a leaf cell couldhave a complicatednon-leaffaceif any of
its neighborsis at a deeperlevel andsubdividestheir shared
face.Thefacesharedby two cellssubdividedat two differ-
ent levels is calleda transitionface. Crackscouldhappenif
thetransitionfacesarenothandledproperly.

3.3. Segmentgenerationfor facesin 2D

Oncewe have built theadaptive signedoctree,thenext step
is to usetheprocedureGENERATESEGMENT in Algorithm 2
to extract thesegmentsfor all leaf faces.For the face f be-
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Case0 Case1 Case2 Case3.1 Case3.2

Figure 3: Lookuptable for marching squares.Case3 has
a faceambiguity, so there are two possibleassignmentsof
pairs to connect,cases3.1and3.2.

ing processed,by checkingthesignpatternsof f 's vertices
with thelookuptablefor marchingsquare(Figure3), wecan
determinehow many segmentsf has.Case0 givesno seg-
ments;Cases1 and2 give onesegment;andCase3 gives
two segments,herethereis a faceambiguity. In suchanam-
biguity, wedonotknow whichpairsof samplepointsshould
beconnectedto form segments.With thehelpof samplenor-
mals,we resolve this ambiguityby checkingthesharpfea-
tures.

Algorithm 2 GenerateSegment. This procedure �nds all
segmentsfor a face f , resolvesfaceambiguityif any, and
samplessharpfeaturesif necessary.

1: procedure GENERATESEGMENT(Facef )
2: if therearetwo segmentsthen . Case3 in Figure3
3: f l1; l2g RESOLVEFACEAMBIGUITY( f );
4: f :l ist  f l1; l2g;
5: DETECTFACESHARPFEATURE( f :l ist);
6: elseif thereis onesegmentl then
7: f :l ist  f lg;
8: DETECTFACESHARPFEATURE( f :l ist);
9: end if

10: endprocedure

A 2D sharpfeaturecanbe detectedby �nding the inter-
sectionpoint of thetwo tangentlinesde�ned by thesample
pointsandtheir normals.We resolve the faceambiguityby
detectingwhethersharpfeaturesoverlap.As shown in Fig-
ure4, oneof two possiblesegmentassignments(Figure4(a))
hasoverlappedsharpfeatures.This is notavalid assignment
becausethe input Hermite datadescribesa volume and a
volumeshouldnot intersectitself. Hence,we choosetheas-
signmentwithout featureoverlaps(Figure4(b)) andresolve
the faceambiguity. Although the resultsare possiblydif-
ferent from the resultsobtainedusingasymptoticdeciders,
we foundit effective to decidethefaceambiguityby testing
sharpfeatureoverlap.

Finally, for eachsegment,wedetectif thereis afacesharp
featureonthesegmentby testingwhethertheanglebetween
two normalsarelargeenough.If thereis a sharpfeature,we
tag thesegmentandstoretheposition.This facesharpfea-
tureis usedto remove theinter-cell dependency. As statedin
Section2, EMC algorithm[KBSS01] hasinter-cell depen-
dency becauseof theedge�ipping operation.For thesharp

(a) (b)

Figure 4: Face ambiguity. Face ambiguity is resolvedby
testingwhethersharpfeaturesoverlap.Sincetheinput data
describesa volume, it shouldnot intersectwith itself. Hence,
the segmentassignmentwith feature overlapping(a) is not
valid. We choosethe assignment(b) to form two segments
andresolvetheambiguity.

(a) (b)

Figure6: Cubicalmarching squares.For thecell in (b), the
resultingfacescoulddescribea complicatedpiecewiselin-
earcurves(a). Theyellowandmagentaline loopsin (b) are
components.

featuresin Figure 5(a), to correct the connectivity, EMC
�ips anedgeto connecttwo sharpfeaturesasshown in Fig-
ure5(b). However, afterthe�ip, notall resultedtrianglesare
locatedinsidecells.This is calledinter-cell dependency. DC
method[JLSW02] hasa similar drawback.Hence,theseal-
gorithmsrequireaextracomputationonadjacentcellsto re-
storethecorrectconnectivity. Suchadependency alsomakes
it moredif�cult to extendEMC to be adaptive. To remove
this dependency, we samplea facesharpfeatureon the in-
terfacingface(Figure5(d)) betweentwo adjacentcells.This
extra facefeatureremovestheneedfor edge�ipping andthe
inter-cell dependency asshown in Figure5(c).

After this stage,for eachleaf face,we �nd all segments
of this face.For a non-leafface,its segmentsarethe union
of the segmentsof its subfaces.A leaf facecould have at
most four line segmentsif it hastwo sharpfeatures.How-
ever, a non-leaffacecouldhave a setof segmentsrepresent-
ing very complicatedpiecewise linearcurves.For example,
Figure6(a)showstheresultingsegmentsoneachfacefor the
cell in (b). Thenext sectionexplainshow to constructcom-
ponents(theyellow andmagentaline loopsin Figure6(b))
in a cell usingthesegmentsof its six faces.

c
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(a) (b) (c) (d)

Figure 5: Inter-cell dependency. EMC �ips an edge in (a) to restore theedge featuresasshownin (b). It, however, introduces
inter-cell dependency. CMSsamplesa facesharpfeature asshownin (d) to eliminateinter-cell dependency(c).

3.4. Surfaceextraction for cellsin 3D

WeusetheprocedureEXTRACTSURFACE in Algorithm 3 to
connectsegmentsto form componentsand to generatetri-
angles.For eachleaf cell, we �rst collect all segmentsbe-
longing to this cell, that is, the union of the segmentsof
its six faces.The procedureGETSEGMENT returnsall seg-
mentsbelongingto a face.After collectingall segmentson
thefacesof thecell c, wetraceall thecomponentsby group-
ing togetherthesegmentswhich form a circle. This canbe
easilydoneby startingfrom an edgeandsequentially�nd-
ing thenext edgewhichsharesanendpointwith thecurrent
edge.Eachcircle representsa componento.

Algorithm 3 ExtractSurface. Thisprocedure usestheseg-
mentsfoundby GENERATESEGMENT to construct3D com-
ponentsinsidea cell, resolvesinternal ambiguityif neces-
saryandgeneratestrianglesastheoutput.

1: procedure EXTRACTSURFACE(Cell c)
2: l  ; ; . list of all segmentsbelongingto thecell c
3: for eachface fi of thecell c . i  1 to 6
4: l  l [ GETSEGMENT( fi);
5: end for

. connectingsegmentswhoseendpointscoincide
6: O  TRACECOMPONENTS(l );

7: for eachcomponento in O
8: DETECTSHARPFEATURE(o);
9: end for

10: if HasInternalAmbiguity(O) then
11: RESOLVEINTERNALAMBIGUITY(O);
12: else
13: for eachcomponento
14: TRIANGULATION(o);
15: end for
16: end if
17: endprocedure

By de�nition, a crackhappenswherethereexistsanedge
ownedonly by asinglecomponent.Thiscanonly happenon
the transitionfaces.In our algorithm,all edgeson the tran-
sition facesaregeneratedfrom segmentsandevery segment

is exactly sharedby two componentsfrom two neighboring
cells.Hence,theresultingmeshis guaranteedcrackfree.

To preserve 3D sharpfeatures,we thensamplesharpfea-
turesfor eachresultingcomponents.Sharpfeaturesaresam-
pledassuggestedby Kobbeltetal. [KBSS01], thatis, solv-
ing [: : :ni : : :]

T p = [: : :nisi : : :] by singularvaluedecomposi-
tion, wheres is thelocationof a samplepoint,n is a sample
normal,andp is thelocationof thesharpfeature.

If there is a sharpfeaturep in a componentconsisting
of theverticesv1; � � � ; vn (includingverticesof thesegments
in this componentand facesharpfeaturestaggedon these
segments),we use p as the centerto createa triangle fan
with triangles,pv1v2; pv2v3; � � � ; pvn� 1vn; pvnv1. If thereis
no componentsharpfeature,we calculatetheaveragepoint
of all samplepointson thiscomponentanduseit asthecen-
ter to generatethetrianglefan.

3D sharpfeaturesarealsousedto detectandresolve in-
ternal ambiguity. Internal ambiguity occurswherewe can
not determinewhethertwo componentsarejoined or sepa-
ratedby only looking at the signson the verticesof a grid.
Similar to theresolutionof faceambiguity, weresolve inter-
nalambiguityby checkingwhether3D sharpfeaturesof two
componentsoverlap.For eachcomponent,a cone-like vol-
umeis formedcenteredat its sharpfeature.If the volumes
of two componentsoverlap,thesecomponentsareclassi�ed
asjoined.Otherwise,they areseparated.If two components
are separated,we generatethe triangle fan for eachcom-
ponentrespectively usingthe methodin the previous para-
graph.If two componentsare joined, the resultingsurface
is topologicallyequivalentto a cylinder. We usea dynamic
programmingalgorithmto connectandtriangulatethesetwo
componentsto form thesurface.

4. Results

TheCMS algorithmis providedasanopensourcelibraryy.
We �rst usea tetrahedronto comparethe performanceof
marchingcubes,extendedmarchingcubes,dualcontouring

y http://graphics.csie.ntu.edu.tw/CMS/
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(a) groundtruth (b) MC (c) EMC (d) DC (e) CMS

Figure 7: Comparisonsfor the original marching cubes(b), extendedmarching cubes(c), dual contouring(d) and cubical
marching squares (e). The input model is a tetrahedron (a). It is convertedinto a uniform grid of Hermitedata and these
algorithmsare usedto extractsurfaces.Thetop rowshowstheextractedsurfacesandthebottomrowshowstheclose-upviews
of a singlecell.CMStakesbothtopologyandsharpfeaturesinto accountandbetterapproximatestheoriginal tetrahedronthan
theothermethods.

andour method.The top row of Figure7 shows the result-
ing surfacesof thesealgorithmsandthebottomrow shows
close-upviews for asinglecell. Here,we useauniformgrid
and only comparetheir performanceon preservingsharp
featuresandmaintainingconsistenttopology. The original
marchingcubesalgorithmdoesnot preserve sharpfeatures.
Exceptfor CMS, thesemethodsdo not take topology into
account,Hence,thereareholesandcracksin the extracted
surfacesin Figure7(b)-(d).

To compareCMS with EMC andDC quantitatively, we
performedthe following experiment.Three tetrahedraare
generatedrandomlyin alimited spaceandtheirunionisused
astheinput model.We �rst convert it into Hermitedataand
applyEMC, DC andCMS to this modelto extractsurfaces.
We then measurethe geometricdistancesbetweenthe re-
sulting surfacefor eachmethodand the input model.This
experimentwas repeatedmany timesandTable 2 summa-
rizes the averageerror for eachcaseof the marchingcube
lookuptablefor eachmethod.CMShasthelowesterrorsfor
all cases.

We demonstratetheeffectivenessof our algorithmon the
several possibleapplicationsusing volumetric data: CSG
modeling,level of detailsandremeshing.CSGmodelingis
the classicalapplicationfor volume representations.After
applyingbooleanoperationson several volumedata,CMS
is usedto generatea meshfor the resultingCSGmodel.In
Figure8(a-c),we show theresultingmodelsatdifferentlev-
els of detailsfor the CSGmodelconstructedby the union
of a cubeanda cylinder, andthensubtractinga spherefrom

case times DC EMC CMS
1 3,590,980 0.01473 0.00586 0.00383
2 1,554,028 0.02309 0.01310 0.01013
3 207,302 0.10027 0.01801 0.01263
4 30,972 0.23064 0.00601 0.00422
5 803,311 0.03779 0.02631 0.02011
6 101,875 0.11998 0.02737 0.02633
7 12,198 0.17139 0.09565 0.01628
8 109,141 0.03979 0.02831 0.02184
9 72,201 0.04721 0.03525 0.02492

10 4,237 0.19682 0.05283 0.04541
11 70,238 0.04789 0.03535 0.02620
12 30,706 0.09845 0.04559 0.02419
13 1,405 0.85461 0.92935 0.00100
14 70,238 0.04821 0.03573 0.02653

Table 2: Average geometricerrors for the experimentof
randomlysamplingthree tetrahedra. For each casein the
marching cubelookuptable, we record how manytimesit
happensand the average error for each method.Overall,
CMSapproximatestheinputmodelbetterthantheothertwo
andhasthelowestaverage error for each case.

it. Here,to clearlyshow theresultingmodels,�at shadingis
used.Table3 shows thenumberof resultingtrianglesat dif-
ferentlevelsof detailsandthetimeof extractingsurfacesfor
them.Thetime is only for surfaceextractionfrom theinput
volumedata,not including the time of converting the input
modelto its volumetricrepresentation.It wasmeasuredon
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(a) (b) (c) (d)

Figure 8: Theresultsof CSGmodelingandlevel of details.(a)-(c) Different levelsof detailsfor a CSGmodelconstructedby
the union of a cubeand a cylinder, and thensubtracting a sphere from it. (d) A more complicatedCSGmodelgeneratedby
subtractinga sphere fromthebodyof a dragonmodelandthenaddinga sphere at its mouth.

(a) (b)

(c) (d)

(e) (f)

Figure 9: Remeshing. The input model is the polygonal
model(a) for a text “EG.” After applyingCMSto the input
modelwith q = 0:7, we obtain the remeshedresult(c). For
a bettercomparison,(b) and (d) showsthe close-upviews
for (a) and(c). (e)and(f) showstheremeshingresultswhile
usingq = 0:8 andq = 0:9.

a desktopPC with an Intel PentiumIV 3.2GHzCPU with
1GBmemory. Figure8(d) demonstratesamorecomplicated
CSGmodelgeneratedby subtractingaspherefrom thebody
of a dragonmodelandthenaddinga sphereat its mouth.

Remeshingis anotherapplicationof volumetricrepresen-
tation.Given a polygonalmesh(Figure9(a)), we �rst con-

level 1 2 3
#triangle 1,688 4,880 14,568
time (ms) 16.23 32.14 66.08

Table 3: Statisticsfor Figures8(a-c).

source q = 0:7 q = 0:8 q = 0:9
#triangle 2,460 39,826 41,118 75,084
time(ms) 126.38 125.38 208.50

Table 4: Statisticsfor Figure 9.

vert it into a volumerepresentationby samplingits distance
�eld and normalson a �ne uniform grid. Applying CMS
algorithm to this volume gives a remeshedversionof the
original mesh(Figure9(c)), which hasa bettertessellation
thanthe input. For a bettercomparison,Figure9(b,d) show
the close-upviews of (a,c).Figure9(e,f) show the remesh-
ing resultsfor differentvaluesof qsharpwhich is de�ned in
EMC[KBSS01]. Thisvalueaffectsthequalityof remeshing.
In Figures9(c,e,f),thetrianglesrepresentingthe�at regions
suchasin thecharacterE arealmostthesame.On theother
hand,moretrianglesaregeneratedto representthe regions
with highercurvaturessuchasin thecharacterG for a larger
qsharp. Additionally, sharpfeaturesarewell preserved. Ta-
ble 4 shows the numberof resultingtrianglesandthe time
for surfaceextractionfor Figure9.

5. Conclusion

In thispaper, wehaveproposedthecubicalmarchingsquares
algorithm for surface extraction from volume data which
preservessharpfeatures,maintainsconsistenttopology, gen-
eratessurfaceadaptively without crackpatchingandelimi-
natesinter-cell dependency. This methodhasthe following
uniquefeatures:(1) Hermitedatais usedto solve theprob-
lem of topologicalambiguity;(2) theproblemof cracksbe-
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tweenadjacentcellswhenusingamulti-resolutionrepresen-
tation for thedatais solvedwithout crackpatchingbecause
thesharedgeometriccomponentis common;(3) 3D features
canbe reconstructedstartingfrom the 2D featureslocated
on thefacesof thecells;this avoidsinter-cell dependencies;
hence,it haspotentialto be implementedon GPUs.These
featuresmake our methodquite simple, relatively easyto
implementand,at thesametime,effective.

We have partially implementedour algorithm on GPU.
However, theresultingspeedis only comparableto ourCPU
implementation.As many otherGPUalgorithms,thebottle-
neckis thedatatransferbetweenCPUandGPU.In the fu-
ture,we planto fully implementour algorithmon GPU.We
believethatouralgorithmwill bene�t from theimprovement
on thebusbandwidthbetweenCPUandGPU.
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